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ABS ALGORITHMS FOR SOLVING
LINEAR INEQUALITIES?

Zhao Jin—xi (R & ML)

Abstract We consider a class of ABS type algorithims for selving system of linear
inequalities, where the number of inequalities does not exceed the number of variables.
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1. Introduction

Consider solving the linear system of inequalities

alx<b, iel={1.2m}, (1)

1

where
n n
aieR , a, #0, xeR ', bieR, m < n.

let 4 " be an n X m matrix

A, =laayma ]

m

and B bea vectorin R™ with

B =(b

m 1’

b, b )

2? m
Then we can express problem (1) as

A x<B . (2)
For each i€ I define the closed half space

L, = {xeR"[a‘,Tx < b‘}

and its boundary hyperplane
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Solving Linear Inequalities

S, = {xeR"laiTx=bl.}.

Define L = ﬂl_elLl and assume throughout that problem (2) is always consistent. The
ABS algorithms (see Abaffy, Broyden, Spedicato [1]) are a class of algorithms for solving
the linear system

A'x=B

The ABS class consists of the following steps:
(A) Let x, €R" be arbitrary, H, eR™ be arbitrary nonsingular and set i=1.

(B) Compute the search vector p, by

where zl,eR'1 is arbitrary save that
z‘,TH‘,a‘_ # 0.
(C) Update the approximation of the solution by
Y =X TP,
and‘
a, = (a,_Txl, —b,,)/pira‘..

If i=mthenstop, x __, eS=() ,S.s i, x . solves the system, otherwise
i€

(D) Update the matrix H, by

+1

T

Hi+l = H.’ o H.‘a.‘wi H."
where w, is an arbitrary elementin R" satisfying
wiTH‘,a‘, #0

and return to (B).

The problem of solving system of linear inequalities arises in numerous fields, e.g., in
linear programming, or in image reconstruction from projections [6]. In this paper, we gen-
eralize the ABS algorithms for solving linear inequalities (2) and we discuss some properties

of the obtained algorithms. Nunmierical results show the efficiency of the given methods.

2. The Mecthods of the ABS Class for Lincur Inequalities

Assume that the matrix 4 - in problem (2) is a full runk matrix. The ABS algorithm

for sloving linear inequalities is based on the following steps:
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The ABS algorithm for linear inequalities.

Let H  bean arbitrary nonsingular matrix in R™, x. bean arbitrary vector in

R". For i=1,2,2--,m, compute
T
(A)yp,=H, z,

where z, eR” isan arbitrary vector satisying

T, T T
a H z =a p >0

(B) X =% TP,
where
tl,s(b‘_—a‘_rx‘,)/airpl_. 3
T
) H,,M =H‘, —H,aw, H,

where w,eR" is an arbitrary vector satisfying

wl,TH‘,ai=l. . 4

Then Xm“eL, ie., X, is a solution of the problem (2). This algorithm retains all

+1
properties of ABS methods which do not depend on the vector 5 ,,» formstance,

(a) the matrix A :Pk is nonsingular lower triangular, where
A, =laa,=al, P =[p.p,mpl

T
() HoA, =0, H W, =0, W,  =Iw w, = _]

1 k-1 1’

We are particularly interested in the symmetric ABS class, which contains as a special
algorithm the Huang algorithm, defined by the following choices of the available
parameters

T .
H =1, xl=0, wk=ak/akaak, I, =d,, (5)
corresponding to the following algorithm, since the given choices imply a:pk > 0.
Huang method for linear inequalities.
Let H1 =1, x, ={.

For k=1,2,+--,m, calculate

(@ p,=H,a,
(b) Xpa1 =%, TLP
where

T T
tks(bk-—akxk)/pkak. (6)
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Solving Linear Inequalities

_ T, T
© H, =H, —p,p, /P4,

Then x, €L, ie., x is a solution of the linear inequulities (2).

m+1
A numerically more stable version of (5) is the modified Huang method?defined by

= == -7
Hl I, z,=H,a,, w, -k/zkzk.

The following properties of the solution vector generated by the ABS class for linear
equations are known from Abaffy and Spedicato [2].
Let

* HT
x =xl+l+ i+ly

and yeR" arbitrary.
Then

. i . .« . . . . .
(a) x eﬂi lS‘_, i.e., x isa solution vector of the first i equations of problem

Alx=8_
(b) Let )
_ _ T , ny
)L’—{xix--xl_+l +H, |y, yeR"}
Then

x=ﬂ:‘lsi.

Moreover, if the solution vectors {x'_} are generated by the Huung method, and

x, = fa,
B € R arbitrary, then
()
Ix t<lx, M,
"xi+l _x"sz < ”xi - x":es

for i=2,**>,m and x,, is the solution of least euclidean norm of the first i equations.

1
For linear inequalities we can obtain the following theorem.

Theorem 1 Ifthe vectors a a,r -.a, are linearly independenr, then the vectors X k=

1,2,°c=,m computed by ABS algorithm for linear inequalitics pos SN the following properties:

(a) X, isa solution of the linear inequalitics '

T . — LX)
Akxqs Bk, k=12,m,
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ie.,
kaeﬂ:‘_lL‘..
(b) Let yeR" be anarbitrary vector, then the vector
x=x,,+vH, M

is also a solution of the problem (2), i.e.,

k
xe() ]L‘_.
Proof The proof of this theorem is completed by induction.
When k=2,
X, =X, + LPys

and it is immediate to verify that x, el for t, given by (3).

Suppose that conclusion (a) is valid until the (k—1)th step, i.e.,
k-1
xkeﬂ’_=ll,l_. (8)
We need to prove that
k
xk+1€ﬂi=1[‘i'
It is seen immediately that x,.¢L, from (3), while
k=1
xk+lemi=1 Li
from the induction assumption and property (a). Hence we huve
13
X = .tkeﬂ'_EII,i.

Property (b) also follows easily from (3).

3. Pivoting Strategics

In the implementation of the Huang method for linear mnequaiiiies selecting the pivotis
important for numerical stability and the determination of the uumencal runk of A . TIn

the following, we give a possible strategy. Given the starting vector x, =0, H =1, define
ptﬂ by

=Ha , j=ii+ 1, m.

We can select an index s such that

= arg[ max (a ‘_Tpt_“)].

rKYem

—158—



Solving Linear Inequalities

We choose at the i—th step of the Huang algorithm the s—th inequality to deal with, which
implies that we exchange the s—th column and i~th column of matrix 4, the s—th ele-

s . " (9]
ment and i—th element of vector B, respectively, We also exchange position of p1‘

and p:”. Then let

e, I, <elp,l,,

at the (r+1)th step, then we assume that the numerical rank of the martrix 4 v is equal
to the numerical rank of 4 . Using Huang method, we have
i-1
T T
Hl__1=1—k¥i(pkpk /pa,) )

By selecting the pivot and by proper exchange of columns, we obtuin the following recur-

rence relations .

o (7] W T _u T
pil =pil—1—[(pil—1) piil/pi—lai—]]px—l' a0
J=id0+ 1,m.

If rank(4 ’H) = rank(4 ), then we do not consider the (r+1)th inequahty and we get
xr+l=2lt[pi' (]l)
Thus
xr+lelq,'_|]‘i'

In general, x is not always a solution of problem (2), i.e.,

+1
m
xr+l¢ﬂf=1Li'

The following theorem 2 was given in [4].

Theercm 2 Let a,,a,,%a, .4, be a vector system. and bwbz""’bku be real
numbers. If the linear system
T
Ja‘, X = b‘_
5
P (12)
XS0
1<i<k,

is consistent, then every solution vector of
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a x=b 1<igk (13)

satisfies (12) if and only if a,,

s q L

, 5 a linear combination of the vector sysiem a.a,,

, is @ maximal set of linear indepen-

dent vectors. With this assumption and using the properties of the ABS algorithm Theorem

We assume rank(Am)= k and that a,a,; -.a

2 can be generalized as follows.
Theorem 3 If the linear system

x=b,,

Ja
(14)
l.a x<b,

T
i
T
i i

i= ])2)...)k; ’= k + l,k + 2,"',”[

is consistent, then the vector x, obtained by the k—th step of the ABS ulgorithins for linear

1
equations is also a solution vector of the problem (14). Muoreover, with arbitrary
yeR'l

x =xk+1 + I1k+l}"

is also a solution of the problem (14).

Theorem 3 makes the possibility of solving lineur overdetermined consistent
inequalities (i.e.,m = n) by the ABS algorithms. This will be discussed in unother puaper.
Remark From the proofof‘Theorem 2 it follows that condition

is necessary for the consistency of the system under the given dependency condition on
ak+l'

4. Numerical Experiments

The algorithm described (modified Huang method) above has been implemented with
the choice

T T
tk=(bk~—akxk)/pkak—ep, ep=0.3,

and has been run on CISCA Vax—6320 computer in double precision (about 13 significant
digits). The considered problems have the following data.
Problem 1.

A=a]=0/G+j-DerR™, n=15

T o
B=(b,by b)), b= ;aii’
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i=12,15,

starting vector x = (1,8,---,3375)7.

Problem 2

A= [a“_] = [max(i,j)]eR™", n=130

B=(b|’bz""’bso)r’ b,= Zali’

il

i=12,--30,

starting vector x = (1,8,---,27000).

Table 1. Solution vector of the problem 1.

—.41165E+04
—.21419E+04
—.19831E+04

27208 E—08
24868E~-13

35527E-14

.10000EO
.10000E01
10001 E01
.10003E01
.JO018E0]
9430600

.29949E00
29T737E00
.29319E00
2852500
.26632E00
15508E00

—.12323E+402 +.23742E+03 —.14037E+04 +.36440C+04
+.14908E+04 —.20301E+03 +.31986E+03 +.13512E+04
+.31545E+04 —.31264E+04 —.23793E+04 +.51838E+04
Table 2. Residual vector R = B—Ax of the problem 1.

47413E+00 .84695E-02 .76979E-04 S170SE-06
.11446E—-10 .72830E-13 .26645E—13 A5987E-13
J14218E—-13 .19539E-13 .88817E—-14 14210E-13

Table 3. Solution vector of the problem 2.
.28372E04 —.28351E—-04 .10000E01 1000601
.10000E01 .10000E01 .10000E01 .10000EQ!
.10000E01 .10000E01 .10001EOQ1 J0000E01
.10001EQ1 .10001EQ1 .10002E01 10002E01
.10004E01 .10006E01 .10008E01 .10012E01
.10029E01 .10051E01 .10103E01 JO258E0

Table 4. Residual vector R = B~Ax of the problem 2.
28364E04 .29996E00 .29987E00 .29971E00
29920E00 29855E00 .29843E00 .29793LE00
29672E00 .29599E00 .29517E00 2942400
.29200E00 .29065E00 .28910E00 28732LE00
28282E00 .27990E00 .27636E00 27196E00
.55883E00 .24839E00 .23279E00 220685E00
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